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GENERAL THEORY OF LIFTING SPACES
GREGORY R. CONNER∗ AND PETAR PAVESˇIC´∗∗
Abstract. In his classical textbook on algebraic topology Edwin Spa-
nier developed the theory of covering spaces within a more general frame-
work of lifting spaces (i.e., Hurewicz fibrations with unique path-lifting
property). Among other, Spanier proved that for every space X there
exists a universal lifting space, which however need not be simply con-
nected, unless the base space X is semi-locally simply connected. The
question on what exactly is the fundamental group of the universal space
was left unanswered.
The main source of lifting spaces are inverse limits of covering spaces
over X, or more generally, over some inverse system of spaces converging
to X. Every metric space X can be obtained as a limit of an inverse
system of polyhedra, and so inverse limits of covering spaces over the
system yield lifting spaces over X. They are related to the geometry (in
particular the fundamental group) of X in a similar way as the covering
spaces over polyhedra are related to the fundamental group of their base.
Thus lifting spaces appear as a natural replacement for the concept of
covering spaces over base spaces with bad local properties.
In this paper we develop a general theory of lifting spaces and prove
that they are preserved by products, inverse limits and other impor-
tant constructions. We show that maps from X to polyhedra give rise
to coverings over X and use that to prove that for a connected, lo-
cally path connected and paracompact X, the fundamental group of the
above-mentioned Spanier’s universal space is precisely the intersection
of all Spanier groups associated to open covers of X, and that the later
coincides with the shape kernel of X.
We examine in more detail lifting spaces over X that arise as inverse
limits of coverings over some approximations of X. We construct an ex-
act sequence relating the fundamental group of X with the fundamental
group and the set of path-components of the lifting space, study rela-
tion between the group of deck transformations of the lifting space with
the fundamental group of X and prove an existence theorem for lifts of
maps into inverse limits of covering spaces.
In the final section we consider lifting spaces over non-locally path
connected base and relate them to the fibration properties of the so
called hat space (or ’Peanification’) construction.
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mation, shape fundamental group, shape kernel
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1. Introduction
The theory of covering spaces is best suited for spaces with nice local prop-
erties. In particular, ifX is a semi-locally simply-connected space, then there
is a complete correspondence between coverings of X and the subgroups of
its fundamental group π1(X) (see [17, Section II, 5]). On the other hand,
Shelah [16] showed that if the fundamental group of a Peano continuum X
is not countable, then it is has at least one ‘bad’ point, around which it
is not semi-locally simply-connected. It then follows that most subgroups
of π1(X) do not correspond to a covering space. Thus, the nice relation
between covering spaces and π1(X) breaks apart as soon as X is not locally
nice. Note that the situation considered by Shelah is by no means exotic:
Peano continua with uncountable fundamental group appear naturally as
attractors of dynamical systems [9], as fractal spaces [11, 13], as boundaries
of non-positively curved groups [10], and in many other important contexts.
Attempts to extend covering space theory to more general spaces include
Fox overlays [8], and more recently, universal path-spaces by Fisher and
Zastrow [6] (see also [7]), and Peano covering maps by Brodskiy, Dydak,
Labuz and Mitra [1]. Presently there is still an animated debate concerning
the correct way to define generalized covering spaces, fundamental groups
and other related concepts in order to retain as much of the original theory
as possible.
In [17, Chapter II] Spanier introduced coverings spaces and maps as a
special case of a more general concept of fibrations with unique path-lifting
property. The latter turn out to be much more flexible than coverings. In
particular, one can always construct the universal fibration over a given base
space X, where universality is interpreted as being the initial object in the
corresponding category. This universal object however need not be simply
connected, and the basic question of what is its fundamental group is left
open in Spanier’s book.
As a part of his approach Spanier characterized subgroups of π1(X) that
give rise to covering spaces by showing that a covering subgroup of π1(X)
must contain all U -small loops with respect to some cover U of X. Con-
sequently elements of π1(X) that are small with respect to all covers of X
cannot be ’unravelled’ in any covering space and even in any fibration with
unique path-lifting property. This result was one of the motivations for our
work.
In this paper we give a systematic treatment of lifting spaces and their
properties, with particular emphasis to inverse limits of covering spaces,
universal lifting spaces and their fundamental groups. In Section 2 we give
an alternative definition of lifting spaces and derive their basic properties,
which include stability under arbitrary products, compositions and inverse
limits. Then we study the structure of the category of lifting spaces over
a given base X and prove the existence of the universal lifting space over
X. In Section 3 we study subgroups of the fundamental group π1(X) that
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correspond to covering spaces over X (without the assumption that X is
semi-locally simply-connected). The main result is Theorem 3.5 in which
we prove that fundamental group of the universal lifting space over X is
precisely the shape kernel of X (i.e. the kernel of the homomorphism from
the fundamental group of X to its shape fundamental group). In Section 4
we restrict our attention to a special class of lifting spaces over X that can
be constructed as limits of inverse systems of covering spaces over polyhedral
approximations of X. We show that much of the theory of covering spaces
can be extended to this more general class. We construct an exact sequence
relating the fundamental group of the base with the fundamental group and
the set of path-components of the lifting space. Furthermore, we relate
the group of deck transformations of a lifting space with the fundamental
group of the base and the density of the path-components of the lifting
space. At this point one may expect that every lifting space over a given
base space X can be obtained as a limit of an inverse system of covering
spaces over X or its approximations. However, a closer look reveals that
this a subtle question, in [3] we constructed several classes of lifting spaces
that are not inverse limits of coverings, and in [4] we proved a detection
and classification theorem for lifting spaces that are inverse limits of finite
coverings. On the other hand, we can construct a universal lifting spaces for
the class of lifting spaces studied in Section 4. This is achieved in Section
5 by taking a polyhedral expansion of the base space and considering the
corresponding inverse system of universal coverings. It turns out that the so
obtained universal lifting space is in many aspects analogous to the universal
covering space, especially when the base space is locally path-connected.
The first main result is Theorem 5.10 which summarizes the basic properties
of lifting spaces whose base is a Peano continuum. In addition we give in
Theorem 5.12 a criterion for maps between inverse limits of covering spaces.
Finally, in Section 6 we partially extend our results to spaces that are not
locally path-connected. To this end we consider the hat construction (or
‘peanification’), which to a non-locally path-connected space assigns the
’closest’ locally path-connected one. The main result is that by applying the
hat construction on a locally compact metric space we obtain a fibration (in
fact, a lifting projection) if and only if the hat space is locally compact.
2. Fundamental groups of lifting spaces
Much of the exposition of covering spaces in [17, Chapter II] is done in a
more general setting of (Hurewicz) fibrations with unique path lifting prop-
erty. To work with Hurewicz fibrations we will use the following standard
characterization in terms of lifting functions. Every map p : L→ X induces
a map p : LI → XI × L, p : γ 7→ (p ◦ γ, γ(0)). In general p is not surjective,
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in fact its image is the subspace
XI ⊓ L := {(γ, l) ∈ XI × L | p(l) = γ(0)} ⊂ XI × L.
A lifting function for p is a section of p, that is, a map Γ: XI ⊓L→ LI such
that p ◦ Γ is the identity map on XI ⊓ L. Then we have the following basic
result:
Theorem 2.1. (cf. [14, Theorem 1.1]) A map p : L → X is a Hurewicz
fibration if and only if it admits a continuous lifting function Γ.
Moreover, unique path-lifting property for p means that for (γ, l), (γ′, l′) ∈
XI ⊓ L the equality Γ(γ, l) = Γ(γ′, l′) implies that (γ, l) = (γ′, l′). This
condition is clearly is equivalent to the injectivity of p, which leads to the
following definition.
A map p : L → X is a lifting projection if p : LI → XI ⊓ L is a homeo-
morphism, or equivalently, if the following diagram
LI
p◦−

ev0 // L
p

XI ev0
// X
is a pull-back in the category of topological spaces. Given a path γ : I → X
and an element l ∈ L with p(l) = γ(0) we will denote by 〈γ, l〉 the unique
path in L which starts at l and covers γ (i.e. p(〈γ, l〉) = (γ, l)). The lifting
space is the triple (L, p,X) where p : L → X is a lifting projection. We
will occasionally abuse the notation and refer to the space L or the map
p : L→ X itself as a lifting space over X.
Clearly, every covering map is a lifting projection. Before giving further
examples we list some basic properties of lifting spaces (cf. [17], Section 2.2.,
short proofs are included here to illustrate the efficiency of the alternative
definition).
Proposition 2.2. (1) Arbitrary pull-backs, compositions, products, fi-
bred products and inverse limits of lifting spaces are lifting spaces.
(2) In a lifting space p : L → X, given a path γ : I → X the formula
fγ : l 7→ 〈γ, l〉(1) determines a homeomorphism fγ : p
−1(γ(0)) →
p−1(γ(1)) between the fibres. In particular, if X is path-connected
then any two fibres of p are homeomorphic.
(3) A fibration p : L → X is a lifting space if, and only if its fibres are
totally path-disconnnected (i.e. admit only constant paths).
Proof. (1) All claims follow from general facts about pull-backs as we
now show.
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Pull-backs: Let p : L→ X be a lifting projection and let f : B →
X be any map. Then in the following commutative cube
B ⊓ L //

L

(B ⊓ L)I //

77♣♣♣♣♣♣
LI

>>⑤⑤⑤⑤
B // X
BI //
77♦♦♦♦♦♦♦♦
XI
==④④④④
the front, back and right vertical face are pull-backs, which by ab-
stract nonsense implies that the left vertical square is also a pull-
back. Therefore the pull-back projection B ⊓ L → B is a lifting
projection.
Compositions: If p : L → X and q : K → L are lifting projec-
tions then in the following diagram
KI //

LI //

XI

K q
// L q
// X
the two inner squares are pull-backs, which implies that the outer
square is a pull-back, hence p ◦ q is also lifting projection.
Products: If {pi : Li → Xi} is a family of lifting projections,
then the diagram ∏
i L
I
i
//

∏
i Li
∏
pi
∏
iX
I
i
//
∏
iXi
is a product of pull-back diagrams, hence a pull-back diagram itself.
It follows that
∏
pi is a lifting projection.
Fibred products: The fibred product of a family {pi : Li →
X}i∈I of lifting spaces over X is obtained by pulling back their
product along the diagonal map X → XI , hence is a lifting space
by the above.
Inverse limits: An inverse system of lifting spaces is given by a
directed set I, two I-indexed inverse systems L = (Li, uij : Lj → Li)
and X = (Xi, vij : Xj → Xi), and a morphism of systems p : L→ X,
such that pi : Li → Xi is a lifting projection for all i ∈ I. In order
to prove that the limit map
lim
←−
pi : lim
←−
Li → lim
←−
Xi
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is a lifting projection it is sufficient to observe that we have the
natural identifications(
lim
←−
Li
)I
= lim
←−
LIi ,
(
lim
←−
Xi
)I
⊓
(
lim
←−
Li
)
= lim
←−
(
XIi ⊓ Li
)
,
and that the projection
(
lim
←−
Li
)I
−→
(
lim
←−
Xi
)I
⊓
(
lim
←−
Li
)
is a
homeomorphism because it is the inverse limit of homeomorphisms
pi : L
I
i
≈
−→ XIi ⊓ Li.
(2) Let γ denote the inverse path of the path γ. We claim that the map
fγ : p
−1(y)→ p−1(x), l 7→ 〈γ, l〉(1) is the inverse of fγ . Indeed, since
p
(
〈γ, l〉
)
=
(
γ, 〈γ, l〉(1)
)
we get the equality 〈γ, l〉 = 〈γ, 〈γ, l〉(1)〉 and
so
fγ(fγ(l)) = 〈γ, 〈γ, l〉(1)〉(1) = 〈γ, 〈γ, l〉(1)〉(1) = 〈γ, l〉(1) = 〈γ, l〉(0) = l.
That fγfγ is also the identity map is proved analogously.
(3) Assume p : L→ X is a lifting space and let γ be a path in p−1(x) ⊂
L. Then p(γ) = (constx, γ(0)) = p(constγ(0)), hence γ = constγ(0).
Conversely, assume that all fibres of p admit only constant paths.
Since p is a fibration there is a map Γ: XI ⊓ L → LI such that
p ◦ Γ = Id, and we only need to prove that γ = Γ(p ◦ γ, γ(0)) for all
γ : I → L. For s ∈ I let γs denote the path γs(t) := γ(st), and let
H be the standard homotopy starting at (pγ)s · (pγ)s and ending at
constpγ(0). Let moreover H˜ : I × I → L be a lifting of H starting at
H˜|0×I = γs ·Γ(pγ, γ(0))s. It is easy to check that the restriction of H˜
to I×0∪1× I ∪ I×1 determines a path in the fibre p−1(pγ(t)) from
γ(s) to Γ(pγ, γ(0))(s), so by the assumption γ(s) = Γ(pγ, γ(0))(s).

We have recently proved in [15, Theorem 3.2] that, under very general
assumptions, lifting spaces are preserved by the mapping space construction,
which yields a host of examples of lifting spaces that are very far from being
coverings. The following examples illustrate typical ways how a lifting space
can fail to be a covering space.
Example 2.3. Let p : R→ S1 be the usual covering of the circle. Then the
countable product pN : RN → (S1)N is a lifting space by Proposition 2.2, but
is not a covering space. In fact, the fibre of p is not a discrete space, being
an infinite product of Z. Even more drastically, one can easily verify that the
infinite product of circles is not semi-locally simply connected at any point,
which means that it cannot have at all a simply connected covering space.
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Example 2.4. Another basic example is given by the following inverse limit
of 2n-fold coverings
S1
2

S1
4

2oo S1
8

2oo · · ·oo S2oo
p

S1 S1 S1 · · · S1
which presents the dyadic solenoid S2 as a lifting space over the circle. By
varying the choice of coverings we obtain an entire family of non-equivalent
lifting spaces over the circle leading to the following interesting problem: is
it possible to classify all lifting spaces over the circle? One should keep in
mind that this necessarily require the study of non-locally path-connected to-
tal spaces. In fact, Spanier [17, Proposition 2.4.10] proved that a lifting space
p : L → X over a locally path-connected and semi-locally simply-connected
base X is a covering space if, and only if L is locally path-connected.
Example 2.5. Let us describe a simple but useful construction that some-
times allow to extend results to spaces that are not locally path-connected.
Given any space X let X̂ denote the set X endowed with the minimal topol-
ogy that contains all path-components of open sets in X. Clearly, if X is
locally path-connected then X̂ = X, but for non locally path-connected spaces
we obtain a strictly stronger topology, so the identity map ι : X̂ → X is a
continuous bijection but not a homeomorphism. For example, if W is the
standard Warsaw circle, then one can easily check that Ŵ is homeomorphic
to the interval [0, 1). Note that this construction was called Peanification in
[1], but some care is needed, because in general X̂ is not a Peano space.
The hat-construction is clearly functorial (in fact, together with the pro-
jection to the original space it forms an idempotent augmented functor), so
that for every map f : Y → X we obtain a commutative diagram
Ŷ
f̂ //

X̂

Y
f
// X
It follows that every map from a locally path-connected space to X lifts
uniquely to a map to X̂, so in particular, the projection from the hat space
admits unique path liftings. Even more, it is always a Serre fibration, but it
is not in general a Hurewicz fibration (and hence not a lifting space). We
are going to study this question in detail in the last section of the paper.
Every covering space and every locally trivial fibration is an open map.
In view of the above examples it would be interesting to know whether all
lifting projections over a locally path-connected base are open maps.
In the solenoid example above the total space is not path-connected. Clearly,
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if p : L→ X is a lifting space then the restriction of p to any path-component
of L is a lifting space, too. In order to study the fundamental groups of
lifting spaces, we now restrict our attention to based path-connected spaces.
Let LiftX denote the category whose objects are path-connected open lifting
spaces over X, and morphisms are fibre-preserving maps between them.
All spaces have base-points and all maps are base-point preserving, but we
systematically omit the base-points from the notation. The category LiftX
shares many properties with its full subcategory of covering spaces CovX
but is in some aspects more flexible.
Proposition 2.6. Morphisms in LiftX are lifting projections and LiftX is
an ordered category (i.e. there is at most one morphism between any two
objects).
Proof. Let f : L→ K be a morphism between lifting spaces p : L→ X and
q : K → X. Then we have the natural identification KI⊓L = (XI⊓K)⊓L =
XI ⊓ L = LI induced by f , therefore f is a lifting projection.
If f, g : L→ K are morphisms in LiftX then the unique path-lifting prop-
erty imply that f and g coincide on path-components. Since f and g coincide
on the base-point, and since L is path-connected, we have f = g. 
Clearly the category LiftX has equalizers as there are no parallel pairs of
distinct maps. It also has products: one can easily check that the categorical
product of a set of lifting spaces {Li → X}i∈I is obtained by taking the path-
component of the fibred product of {Li → X}i∈I containing the base-point.
Since categorical products and equalizers suffice for the construction of any
set-indexed categorical limit we obtain the following fact.
Proposition 2.7. Category LiftX has arbitrary small (i.e. set-indexed) lim-
its.
Corollary 2.8. For every path-connected space X the category LiftX has
the universal (initial) object X˜. The correspondence X 7→ X˜ determines
an idempotent augmented functor, as f : X → Y induce the commutative
diagram
X˜
f˜ //

Y˜

X
f
// Y
Proof. We first observe that the isomorphism classes of objects in LiftX form
a set. In fact by [17, Theorem 2.3.9] the points on any fibre of a lifting space
p : L → X are in bijection with the set cosets of the subgroup p♯(π1(L)) in
π1(X). This means that every lifting space over X corresponds to a choice of
a subgroup of π1(X), together with a choice of a topology on the cartesian
product of the set X with the set of cosets of p♯(π1(L)) in π1(X). We
conclude that the class of possible lifting spaces over X whose total spaces
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is path-connected, forms a set. By Proposition 2.7 the categorical product
of a set of representatives of all objects in LiftX exists and is clearly the
initial object of the category. The other properties of the universal lifting
space follow from general properties of initial objects. 
As for covering spaces, it is of crucial importance to determine the fun-
damental group of the universal lifting space. The following result is a step
in that direction.
Proposition 2.9. Fundamental group of a categorical product in LiftX is
the intersection of the fundamental groups of its factors.
Proof. Let p : L → X be the categorical product of the family of lifting
spaces {pi : Li → X}. By Proposition 2.6 the projection maps qi : L → Li
are lifting projections, so by [17, Theorem 2.3.4] they induce monomor-
phisms (qi)♯ : π1(L)→ π1(Li). It follows that π1(L) ∼= Im p♯ ≤ π1(X) is con-
tained in
⋂
i Im(pi)♯. For the converse implication, let the loop α : S
1 → X
represent an element of
⋂
i π1(Li)
∼=
⋂
i Im(pi)♯ ≤ π1(X). By the unique
path lifting property there are unique lifts αi : S
1 → Li for the loop α, so
they define an element α˜ ∈ π1(L). We therefore conclude that π1(L) ∼=⋂
i π1(Li). 
In order to achieve a more precise identification of the fundamental group
of X˜ we need a better understanding of subgroups of the π1(X) that corre-
spond to covering spaces of X.
3. Covering subgroups
In this section we consider the question which subgroups of the funda-
mental group of X correspond to coverings of X and relate them to the
shape kernel of X.
Let (X,x0) be a based space. A subgroup G ≤ π1(X,x0) is a covering
subgroup if there is a covering space p : (X˜, x˜0)→ (X,x0), such that Im p♯ =
G. Spanier gave a simple characterization of covering subgroups in terms of
U -small loops. Given a covering U of X a based loop in (X,x0) is said to
be U-small if it is of the form γ · α · γ where α is a (non-based) loop whose
image is contained in some element of U and γ is a path in X connecting x0
and α(0). We denote by π1(X,x0;U) the subgroup of π1(X,x0) generated
by classes of U -small loops. It is clear that π1(X,x0;U) is always a normal
subgroup of π1(X,x0), and that π1(X,x0;V) is contained in π1(X,x0;U)
whenever V is a covering of X that refines U .
The covering subgroups can be characterized as follows:
Theorem 3.1 ([17] Lemma 2.5.11 and Theorem 2.5.13). Let X be connected
and locally path-connected. Then G ≤ π1(X,x0) is a covering subgroup if,
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and only if G contains a subgroup of the form π1(X,x0;U) for some cover
U of X.
A natural source of covering subgroups are continuous maps into polyhe-
dra (or more generally, into semi-locally simply connected spaces).
Corollary 3.2. Let f : X → K be a map from X to a semi-locally sim-
ply connected space K. Then the kernel of the induced homomorphism
f♯ : π1(X,x0)→ π1(K, f(x0)) is a covering subgroup of π1(X,x0).
Proof. Let U be a cover of K, such that for all U ∈ U the inclusion U →֒ K
induces a trivial homomorphism on the fundamental group. Then the group
π1(X,x0; f
−1U) is contained in the kernel of f♯ because f maps every f
−1U -
small loop in X to a homotopically trivial loop in K. Theorem 3.1 then
implies that Ker f♯ is a covering subgroup of π1(X,x0). 
For a partial converse to the above result assume that X has a numerable
cover U = {U} with a subordinated locally finite partition of unity {ρU},
and let |U| denote the geometric realization of the nerve of U . Then the
formula f(x) :=
∑
U∈U ρU (x) · U defines a map f : X → |U|. It is well
known that the choice of the partition of unity does not affect the homotopy
class of f , so the induced homomorphism f♯ depends only on the cover U .
Lemma 3.3. Let X be a path-connected space with a numerable cover U
consisting of path-connected open sets. Then there is a short exact sequence
1 −→ π1(X,x0; 2U) −→ π1(X,x0)
f♯
−→ π1(|U|, f(x0)) −→ 1,
where 2U is the cover of X consisting of all unions of pairs of intersecting
sets in U .
Proof. By a suitable modification of the partition of unity we may assume
without loss of generality that every U ∈ U contains some point xU ∈ U
such that ρU (xU ) = 1.
For every intersecting pair of sets U, V ∈ U choose a path in U ∪ V
between xU and xV . These paths determine a map g : |U
(1)| → X. For every
1-simplex σ in |U (1)| the image f(g(σ)) is contained in the open star of σ,
which implies that the map f ◦g is contiguous to the inclusion i : |U (1)| →֒ |U|
so the following diagram homotopy commutes:
X
f // |U|
|U (1)|
g
aa❈❈❈❈❈❈❈❈ .  i
<<③③③③③③③③
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By applying the fundamental group functor we obtain the diagram
π1(X,x0)
f♯ // π1(|U|, f(x0))
π1(|U
(1)|, f(x0))
g♯
hhPPPPPPPPPPP (  i♯
66❧❧❧❧❧❧❧❧❧❧❧❧
Since the homomorphism i♯ is surjective, so must be f♯.
If U, V ∈ U intersect then every loop, whose image is contained in U∪V is
mapped by f to the star of the simplex in |U| spanned by the vertices U and
V . It follows that f♯ is trivial on 2U -small loops, therefore π1(X,x0; 2U) ⊆
Ker f♯.
For the converse we extend the above diagram to obtain the following
one:
Ker i♯ //
g♯

✤
✤
✤
π1(|U
(1)|, u0)
i♯ //
g♯

π1(|U|, u0)

✤
✤
✤
∼= π1(X,x0)/Ker f♯
π1(X,x0; 2U) // π1(X,x0) //
f♯
55❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦
π1(X,x0)/π1(X,x0; 2U)
Since Ker i♯ is generated by loops given by the boundaries of 2-simplexes in
the nerve of U we may use the same method as in the proof of Theorem
7.3(2) in [2] to show that every such loop is mapped by g♯ to a sum of
2U -small loops, so g♯(Ker i♯) ⊆ π1(X,x0; 2U). Thus we obtain the induced
natural map π1(X,x0)/Ker f♯ → π1(X,x0)/π1(X,x0; 2U), and so Ker f♯ ⊆
π1(X,x0; 2U). 
Lemma 3.4. For every cover U of a paracompact space X there is a nu-
merable cover V such that its double 2V is a refinement of U . Moreover, if
X is locally path-connected, then V can be chosen so that its elements are
path connected.
Proof. Let U ′ be a locally finite refinement of U with a subordinated parti-
tion of unity. Then we have a map f : X → |U ′| defined as before. Let V
be the cover of X obtained by taking preimages of open stars of vertexes in
the barycentric subdivision of the nerve of U ′. Clearly, two elements of V
can have a non-empty intersection only if they are both contained in some
element of U ′, which means that 2V refines U ′, and hence U .
If X is locally path-connected, then we can further refine V by taking the
cover formed by the path-components of elements of V. 
Assume that a pointed space (X,x0) can be represented as a limit of an
inverse system of pointed polyhedra (X,x0) = lim←−
(
(Ki, ki), pij ,I
)
(or more
generally, that X has a polyhedral resolution in the sense of [12]). Then
the homomorphisms (pi)♯ : π1(X,x0)→ π1(Ki, ki) induce a homomorphism
∂ : π1(X,x0)→ πˇ1(X,x0), where πˇ1(X,x0) is the so called first shape group
of X, and is defined as the limit of the inverse system of fundamental groups
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π1(Ki, ki), (pij)♯,I
)
. Although the definitions are based on a specific reso-
lution of X, it is a standard fact (see [12]) that both the first shape group
of X and the homomorphism ∂ : π1(X,x0) → πˇ1(X,x0) are independent of
the chosen resolution for X.
We are now ready to prove the main theorem of this section which relates
various subgroups of the fundamental group.
Theorem 3.5. Let X be a connected, locally path-connected and paracom-
pact space. Then the the following subgroups of π1(X,x0) coincide:
(1) Intersection of all groups of U-small loops π1(X,x0;U) for U a cover
of X.
(2) Intersection of all covering subgroups of X.
(3) Intersection of all kernels Ker f♯ for maps f from X to a polyhedron.
(4) The shape kernel of X, defined as ShKer(X) := Ker(∂ : π1(X) →
πˇ1(X)).
Proof. The inclusion (1)⊆(2) follows from Theorem 3.1 because every cover-
ing subgroup contains some subgroup of U -small loops. Corollary 3.2 implies
that (2)⊆(3).
To prove the inclusion (3)⊆(1) observe that by Lemma 3.3 (3) is contained
in the intersection of all groups of the form π1(X,x0; 2U), while by Lemma
3.4 the latter is contained in (4).
Finally the equality (3)=(4) amounts to the standard description of the
shape kernel. 
As a consequence we obtain the following description of the fundamental
group of the universal lifting space:
Theorem 3.6. If X is a connected, locally path-connected and paracompact
then π1(X˜) coincides with the shape kernel of X.
Proof. By Corollary 2.8 and Proposition 2.9 the fundamental group of the
universal lifting space is contained in the intersection of all covering sub-
groups of π1(X), which by Theorem 3.5 coincides with the shape kernel of
X. For the converse, take a loop α representing an element of the intersec-
tion
⋂
π1(X;U), and approximate α by a sequence of homotopically trivial
loops αi, such that α ≃ αi(mod Ui). As each αi lift to a loop in the universal
space, we may apply the fibration property to show that α also lift to a loop,
hence α ∈ π1(X˜). 
4. Inverse limits of coverings
Inverse limits of coverings are in many aspects the most tractable class
of lifting spaces (with the exception of coverings, of course). To simplify
the notation we agree that all spaces have base-points which are omitted
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from the notation whenever they are not explicitly used, and all maps are
base-point preserving.
Let I be a directed set and X = (Xi, uij : Xj → Xi, i, j ∈ I) an I-indexed
inverse system of path-connected and semi-locally simply-connected spaces.
For each i ∈ I let qi : X˜i → Xi be the universal cover of Xi. By the standard
lifting criterion for maps between covering spaces (see [17, Theorem 2.4.5])
there are unique maps u˜i,j : X˜j → X˜i such that the diagram
X˜j
u˜ij //
qj

X˜i
qi

Xj uij
// Xi
commutes. Furthermore, X˜ :=
(
X˜i, u˜i,j ,I
)
is an inverse system of spaces
and q := (qi) : X˜→ X is a level-preserving mapping of inverse systems.
More generally, let us for every i ∈ I choose a subgroup Gi ≤ π1(Xi)
and consider maps qi : X˜i → X˜i/Gi and pi : X˜i/Gi → Xi, where pi is the
covering projection corresponding to the group Gi. If (uij)♯(Gj) ⊆ Gi, then
again by the lifting theorem for covering spaces there exist unique maps
u¯ij : X˜j/Gj → X˜i/Gi such that the following diagram commutes
X˜j
u˜ij //
qj

X˜i
qi

X˜j/Gj
u¯ij //
pj

X˜i/Gi
pi

Xj uij
// Xi
We will say that the an I-indexed family of groups Gi ≤ π1(Xi) form a
coherent thread with respect to the inverse system X if (uij)♯(Gj) ⊆ Gi for
all i ≤ j or, in other words, if G =
(
Gi, (uij)♯,I
)
is an inverse system of
groups.
Clearly, every coherent threadG forX induces an inverse system of spaces
X˜/G := (X˜i/Gi, u¯ij ,I). Moreover, the inverse systems X, X˜ and X˜/G are
related by level preserving morphisms of inverse systems p := (pi) : X˜/G→
X and q := (qi) : X˜ → X/G. Observe that the systems X˜ and X may
be viewed as special instances of X˜/G with respect to coherent threads
consisting of trivial groups or of groups Gi = π1(Xi) respectively.
Since the bonding maps are base-point preserving, the inverse limits X :=
lim
←−
X, X˜ := lim
←−
X˜ and X˜G := lim←−
X˜/G are non-empty. We will denote by
ui : X → Xi, u˜i : X˜ → X˜i and u¯i : X˜G → X˜i/Gi the projections from the
limit spaces to the system.
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Proposition 4.1. The limit map pG := lim←−
p : X˜G → X is a lifting projec-
tion. Moreover, if X is locally path-connected then pG is an open map.
Proof. The first claim follows directly from the fact that inverse limits of
lifting projections is a lifting projection, as proved in Proposition 2.2.
Toward the proof of the second claim observe that X and X˜G may be
viewed as subspaces of the topological products
∏
i∈I Xi and
∏
i∈I Xi/Gi,
respectively. Therefore, it is sufficient to show that pG(U˜ ) is open in X
for every sub-basic open set of the form U˜ = XG ∩ (U˜i ×
∏
j 6=iXj/Gj),
where U˜i is an open subset of Xi/Gi that is homeomorphically projected
to an elementary open subset Ui = pi(U˜i) ⊂ Xi. Let x = (xi) ∈ pG(U˜)
be the projection of the point x˜ = (x˜i) ∈ U˜ . Since X is locally path-
connected, there exists a path-connected open set V ⊂ X such that x ∈
V ⊂ X ∩ (Ui ×
∏
j 6=iXj). For every y ∈ V we can find a path α : (I, 0, 1)→
(V, x, y). Then there is a unique lifting α˜ : (I, 0) → (U˜ , x˜) of α along the
lifting projection p. As pi : U˜i ≈ Ui the construction of the lifting function
implies that α˜(1)i ∈ U˜i, therefore y = p(α˜(1)) ∈ p(U˜). We may therefore
conclude that V ⊂ p(U˜), and consequently, that p(U˜) is open in X. 
The same argument can be used to prove a more general statement that
if G and G′ are coherent threads such that Gi ≤ G
′
i ≤ π1(Xi) for every
i ∈ I, then we obtain a lifting projection X˜G → X˜G′ , which is an open
map, whenever X˜G′ is locally path-connected.
In the following proposition we give an explicit description of the fibre of
pG in terms of the fundamental groups of the spaces in the inverse system
X and the coherent thread G:
Proposition 4.2. The fibre of pG is naturally homeomorphic to the inverse
limit of the system of cosets
(
π1(Xi)/Gi, (uij)♯,I
)
.
Proof. For each i ∈ I let xi and x¯i denote respectively the base-points of
Xi and X˜i/Gi, and let x = (xi) be the base-point of X. The corresponding
fibres over xi and x are Fi := p
−1
i (xi) ⊂ X˜i/Gi and F := p
−1
G (xi). If i ≤ j
then the restriction of u¯ij maps Fj to Fi so we obtain the inverse system(
Fi, u¯ij ,I
)
whose limit is precisely F , and the projection maps F → Fi may
be identified with the restrictions of the projections u¯i : X˜G → X˜i/Gi.
It is well-known that the function ∂ : π1(Xi)→ Fi, that to every loop α ∈
π1(Xi) assigns the end point of the lifting of α to X˜i, ∂(α) := 〈α˜, x¯i〉(1) ∈ Fi,
induces a bijection li : π1(Xi)/Gi → Fi. The bijections li are compatible with
the bonding homomorphisms in the inverse system, as for each i ≤ j we have
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a commutative diagram
π1(Xj)/Gj
(u¯ij)♯ //
lj

π1(Xi)/Gi
li

Fj u¯ij
// Fi
Observe that the bijections li are actually homeomorphisms, as the fibres of
covering spaces are discrete topological spaces. We conclude that the mor-
phisms of inverse systems (li) induces a natural homeomorphism between
F = lim
←−
Fi and lim←−
π1(Xi)/Gi. 
We may be lead to expect that pG is never a covering projection but that
is not the case. Indeed, to determine if pG is a covering projection it is
sufficient to consider the topology on its fibre. The product topology on the
limit of an inverse system of discrete spaces is not discrete, unless almost
all bonding maps in the system are injective. Thus we have the following
corollary (where we assume, for simplicity, that I = N, so that the inverse
system is in fact an inverse sequence).
Corollary 4.3. pG is a covering projection if and only if the connecting
morphisms in the inverse system
(
π1(Xi)/Gi, (uij)♯,I
)
are eventually injec-
tive.
Proof. If there exists N such that (ui i−1)♯ are injective for i > N then pG
is the pullback of the covering projection pN : X˜N/GN → XN and so it is
itself a covering projection. Conversely, if infinitely many bonding maps in
the sequence are non-injective then the limit space is not discrete, hence pG
is a lifting projection but not a covering. 
Observe that Examples 2.3 (infinite product of coverings) and 2.4 (dyadic
solenoid) are inverse limits of coverings whose fibres are not discrete, so they
are not covering spaces over the circle. On the other hand, the fibre of the
hat construction described in Example 2.5 is discrete but the total space is
usually disconnected, so it is not a covering space in the usual sense, but
rather a disjoint union of coverings. Here is another interesting lifting space:
Example 4.4. Let W be the Warsaw circle, and let (Wi, uij ,N) be the usual
sequence of approximations of W by topological annuli. Then π1(Wi) ∼= Z
and (uij)♯ are isomorphisms. By choosing a coherent thread G with Gi :=
2iZ we obtain an inverse sequence which is at group level analogous to that of
example 2.4. The limit pG : W˜G →W is an interesting lifting space that re-
sembles a dyadic solenoid over W , so we may call it a dyadic Warsawonoid.
4.1. Homotopy exact sequence. Next we consider the long homotopy
exact sequence of the lifting space pG. As the fibres of a lifting space
are totally path-disconnected (cf. [17, Theorem 2.2.5]), we conclude that
πn(X˜G) ∼= πn(X) for n ≥ 2, and that π0(F ) may be identified with F .
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Furthermore, we have the following exact sequence of groups and pointed
sets
1 // π1(X˜G)
pG♯ // π1(X)
∂ // π0(F ) // π0(X˜G) // π0(X) // ∗
where the function ∂ is determined by the action of π1(X) on the fibre F .
We will normally assume that X is path-connected in which case the above
exact sequence ends at the term π0(X˜G). The following theorem identifies
π1(X˜G) and π0(X˜G). Observe that the fibre F is a closed subspace of X˜G,
which by Proposition 4.2 may be identified with the inverse limit of the
system of cosets F = lim
←−
π1(Xi)/Gi.
Theorem 4.5. Assume X is path-connected. Then there is an exact se-
quence of groups and pointed sets
1 // π1(X˜G)
pG♯ // π1(X)
∂ // lim
←−
π1(Xi)/Gi // π0(X˜G) // ∗
where the connecting function ∂ is given by the composition
π1(X)
lim
←−
(ui)♯
// lim
←−
π1(Xi) // lim←−
π1(Xi)/Gi
Consequently, pG induces an isomorphism
π1(X˜G) ∼=
⋂
i∈I
(ui)
−1
♯ (Gi).
Moreover, if Gi is a normal subgroup of π1(Xi) for each i, then lim←−
π1(Xi)/Gi
is a group, ∂ is a homomorphism and π0(X˜G) may be identified with the set
of cosets (
lim
←−
π1(Xi)/Gi
)
/∂(π1(X)).
Proof. By its definition, ∂ maps every α ∈ π1(X) to the end point of the
lifting to X˜G of any representative of α, ∂(α) = α˜(1) ∈ F . The uniqueness of
liftings in covering spaces imply the commutativity of the following diagram
π1(X)
∂ //
(ui)♯

F
ui

π1(Xi)
∂ //

Fi
π1(Xi)/Gi
li
// Fi
which, together with Proposition 4.2, leads to the above description of the
connecting map ∂.
The description of ∂ implies that (ui)♯(pG(π1(X˜G))) ⊆ Gi for all i ∈ I,
therefore Im pG ⊆
⋂
i(ui)
−1
♯ (Gi). Conversely, let α be a loop representing
an element of
⋂
i(ui)
−1
♯ (Gi). Then for every i the loop ui ◦ α represents an
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element of Gi ≤ π1(Xi), so it lifts to a loop α˜i in X˜i/Gi. The uniqueness
of liftings imply that u¯ij ◦ α˜j = α˜i whenever i ≤ j, hence we obtain a loop
α˜ := lim
←−
α˜i in X˜G. Clearly, pG ◦ α˜ = α, therefore α ∈ Im pG.
The proof of the last claim is straightforward. 
There are two special cases of the Theorem worth mentioning:
1. For a subgroup G ≤ π1(X) one may define a coherent thread G by letting
Gi := (ui)♯(G). Then (ui)
−1
♯ (Gi) = G ·Ker(ui)♯, and so
π1(X˜G) ∼= G ·
⋂
I
Ker(ui)♯.
Moreover if G is a normal subgroup of π1(X), and if all homomorphisms
(ui)♯ are surjective, then lim←−
π1(Xi)/Gi is a group and π0(X˜) is a set of
cosets.
2. If G is a thread of trivial groups then clearly X˜G = X˜ . In this case
π1(X˜) ∼=
⋂
I
Ker(ui)♯,
while π0(X˜) may be identified with the set of cosets lim←−
π1(Xi)/∂(π1(X)).
4.2. Deck transformations. In the theory of covering spaces deck trans-
formations provide a crucial connection between the algebra of the funda-
mental group and the geometry of the covering space. Their role is even
more important in the theory of lifting spaces because they enclose the in-
formation about the interleaving of the path-components of the total space
and induce a topology on the fundamental group of the base.
A deck transformation of a lifting space p : L → X is a homeomorphism
f : L→ L, such that p ◦ f = p:
L
f //
p   ❅
❅❅
❅❅
❅❅
L
p⑦⑦
⑦⑦
⑦⑦
⑦
X
The set of all deck transformations of p clearly form a group, which we
denote by A(p). We will consider two basic questions: is the action of A(p)
free and is it transitive on the fibres of p. Our first result is valid for general
lifting spaces.
Proposition 4.6. Let p : L → X be a lifting space such that each path-
component of L is dense in L. Then the action of A(p) on L is free.
Proof. Assume that f(x) = x for some f ∈ A(p) and x ∈ L. For every path
α : (I, 0) → (L, x) the equality p ◦ f ◦ α = p ◦ α implies that f ◦ α and α
are lifts of the path p ◦ α : I → X. Since f(α(0)) = f(x) = x = α(0) and
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since p has unique path liftings, we conclude that f(α(1)) = α(1) and so
f fixes all elements of the path-component of L that contains x. But each
path-component of L is dense in L and so the deck transformation f must
be the identity. 
We must therefore determine when are the path-components of L dense.
For inverse limits of coverings it is sufficient to consider the function ∂ that
we introduced earlier.
Proposition 4.7. Let X be an inverse system of spaces, G a coherent thread
of groups and and let F be the fibre of pG.
If the image of the function ∂ : π1(X) → π0(F ) = lim←−
π1(Xi)/Gi is
dense in π0(F ) (with respect to the inverse limit topology) then every path-
component of X˜G is dense in X˜G.
Conversely, if X is locally path-connected and every path-component of
X˜G is dense, then the image of ∂ is dense in F .
Proof. Recall that we have identified F with π0(F ) and that the function
∂ is determined by the liftings of representatives of π1(X) in X˜G. This in
particular means that all elements of the image of ∂ belong to the same
path-component L0 of X˜G.
For a given x˜ ∈ X˜G let α be a path in X from x0 to x := pG(x˜). Then
the formula g(y˜) := 〈α, y˜〉(1) determines a homeomorphism between F and
the fibre p−1G (x). This implies that x˜ is in the closure of g(Im ∂), and hence
in the closure of the path-component L0, because clearly g(Im ∂) ⊂ L0.
To show that some other path-component L1 of X˜G is also dense, it is
sufficient to choose a base-point for X˜G in L1 and repeat the above argu-
ment. Observe that a different choice of a base-point simply conjugates the
function ∂, so that its image is still dense in F .
To show the converse statement, assume that some x˜ ∈ F = p−1G (x0) is in
the closure of the path component L0 and let U˜ :=
∏
i∈F U˜i ×
∏
i/∈F X˜i/Gi
be a product neighbourhood of x˜. Here F is some finite subset of I and each
U˜i is homeomorphically projected by pi to some elementary neighbourhood
in Xi. We must show that U˜ intersects Im∂ = L0 ∩ F . By Proposition 4.1
the projection pG is an open map, so we may find a path-connected open
set V such that x0 ∈ V ⊆ pG(U˜). Since x˜ is in the closure of L0 there exists
y˜ ∈ U˜ ∩p−1G (V )∩L0. Let α be a path in V from pG(y˜) to x0. Then 〈α, y˜〉(1)
is by construction an element of Im∂ ∩ U˜ , which proves that Im ∂ is dense
in F 
For arbitrary lifting spaces it can be sometimes hard to determine whether
the image of ∂ is dense in the fibre, but for inverse limits of coverings we
may rely on the following algebraic criterion. Observe that if in an inverse
system of sets (Ai, uij ,I) we replace each Ai by the corresponding stable
image AStabi :=
⋂
j≥i uij(Aj) (and the bonding maps by their restrictions)
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then lim
←−
(Ai, uij ,I) = lim←−
(AStabi , uij ,I), i.e. the inverse limit depends only
on stable images of bonding maps. In fact, the converse is also true, as the
stable image is precisely the image of the projection from the inverse limit,
AStabi = ϕi(lim←−
Ai). It is clear that for every morphism from a set A into
the system, (ϕi : A → Ai, i ∈ I), we have ϕi(A) ⊆ A
Stab
i for all i ∈ I. We
will say that such a morphism is stably surjective if ϕi(A) = A
Stab
i for all
i ∈ I. Obviously, every morphism that consists of surjective maps is stably
surjective.
Lemma 4.8. Let (ϕi : A → Ai,I) be a stably surjective morphism from A
to an inverse system of sets (Ai, uij ,I). Then the image of the limit map
ϕ := lim
←−
ϕi : A → lim←−
Ai is dense in lim←−
Ai (with respect to the product
topology of discrete spaces).
Proof. The statement is trivial when the index set I is finite, so we will
assume that I is infinite. Let (ai) be an element of lim←−
Ai. By definition of
a product topology, a local basis of neighbourhoods at (ai) is given by the
sets of the form UF :=
∏
i∈F{ai} ×
∏
i/∈F Ai, where F is a finite subset of
I. Given any such F , let j ∈ I be bigger then all elements of F . By the
assumptions, there exists a ∈ A such that ϕj(a) = aj, but then ϕ(a)i = ai
for every i ≤ j, and so ϕ(a) ∈ UF . We conclude that ϕ(A) is dense in
lim
←−
Ai. 
We may finally formulate our main result about the free action of the
group of deck transformations of an inverse limit of coverings.
Theorem 4.9. Let X be an inverse system of spaces and let G be a coherent
thread of groups. If the morphism ((ui)♯ : π1(X) → π1(Xi)/Gi, 〉) is stably
surjective, then A(pG) acts freely on X˜G.
Proof. By Theorem 4.5 the function ∂ can be identified with the inverse
limit lim
←−
(ui)♯. By Lemma 4.8 the image of ∂ is dense in the lim←−
π1(Xi)/Gi,
which is by Proposition 4.2 homeomorphic to the fibre of pG. Proposition 4.7
implies that the path-components of X˜G are dense, and finally Proposition
4.6 implies that the action of A(pG) on X˜G is free. 
Our next objective is to examine the transitivity of the action of A(p) on
the fibre of p. It is well-known that for a covering space p : X˜/G → X the
action of A(p) on the fibre is transitive if and only if G is a normal subgroup
of π1(X). It is therefore reasonable to restrict our attention to coherent
threads of normal subgroups. Let (Xi, uij ,I) be an inverse system of spaces
and G = (Gi,I) a coherent thread of normal subgroups, i.e. Gi ⊳ π1(Xi)
for every i ∈ I. Then we have group isomorphisms li : A(pi) → π1(Xi)/Gi,
explicitly given as li(f) := [p◦α˜], where α˜ is any path in X˜i/Gi from the base-
point x˜i to its image f(x˜i), and [p◦α˜] is the coset in π1(Xi)/Gi determined by
the loop p ◦ α˜ (cf. the description in [17, Section 2.6]). Moreover, whenever
j ≥ i there is a homomorphism uˆij : A(pj)→ A(pi), where uˆij(f) is defined
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to be the unique deck transformation of pi : X˜i/Gi → Xi that maps the
base-point x˜i to uˆij(f(x˜j)). It is easy to check that whenever i ≤ j we have
a commutative diagram
A(pj)
uˆij //
lj ∼=

A(pi)
li ∼=

π1(Xj)/Gj
(uij)♯
// π1(Xi)/Gi
Thus the homomorphisms li determine an isomorphism of inverse systems
(li) : (A(pi), uˆij ,I)→ (π1(Xi)/Gi, (uij)♯,I).
Theorem 4.10. There is an isomorphism of groups
lim
←−
li : lim←−
A(pi)
∼=
−→ lim
←−
π1(Xi)/Gi.
The group lim
←−
A(pi) acts freely and transitively on the fibre of pG. Since
lim
←−
A(pi) is a subgroup of A(pG) it follows that A(pG) also acts transitively
on the fibre of pG.
Proof. That lim
←−
li is an isomorphism follows from the above discussion. To-
ward the proof of transitivity, let (x˜i), (x˜
′
i) be elements of the fibre of pG:
then for every i ∈ I there exists a unique deck transformation fi ∈ A(pi)
such that fi(x˜i) = x˜
′
i. In order to prove that transformations fi represent
an element of the inverse limit, consider an element y˜ ∈ X˜j/Gj and a path
α˜ : (I, 0, 1) → (X˜j/Gj , x˜j , y˜). Then
pifiu¯ijα˜ = piu¯ijα˜ = uijpjα˜ = uijpjfjα˜ = piu¯ijfjα˜,
which means that fiu¯ijα˜ and u¯ijfjα˜ are paths with the same initial point and
the same projection in X˜i/Gi, so by the monodromy theorem they coincide.
In particular fi(u¯ij(y˜)) = u¯ij(fj(y˜)) for every y˜ ∈ X˜j/Gj , therefore (fi) is
an element of lim
←−
A(pi) that maps (x˜i) to (x˜
′
i).
On the other side, if lim
←−
fi(x˜i) = (x˜i) for some (fi) ∈ lim←−
A(pi) and
(xi) ∈ X˜G then fi(x˜i) = xi for each i ∈ I. It follows that all fi are identity
deck transformations on their respective domains, therefore the action of
lim
←−
A(pi) is free. 
One could expect that A(p) coincides with lim
←−
A(pi) but we don’t know if
that is true in general. In fact, there are inverse limits of coverings where the
path-components are not dense (like the Warsawonoid from Example 4.4),
and so it is conceivable that the action of A(p) may not be free. In view of
the above Theorem, this would imply that lim
←−
A(pi) is a proper subgroup of
A(p). This problem disappears, if the fundamental group of the limit maps
surjectively to the fundamental groups of its approximations, so we have the
following result.
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Corollary 4.11. Let X be an inverse system of spaces and let G be a
coherent thread of normal subgroups. If the morphism ((ui)♯ : π1(X) →
π1(Xi)/Gi,I) is stably surjective, then A(pG) acts freely and transitively
on the fibre of pG and is therefore isomorphic to lim←−
A(pi).
Furthermore, the map p = lim
←−
pi : X˜G → X induces a continuous bijection
p : X˜G/A(pG) → X. In addition, if X is locally path-connected then p is a
homeomorphism.
Proof. The action of A(pG) on the fibre F is free and transitive by the
assumptions and Theorems 4.9 and 4.10. Thus we may conclude that there
is a bijection A(pG)→ F ∼= lim←−
A(pi), which is clearly compatible with the
group structures.
Map p is induced by p : X˜G → X as in the following diagram
X˜G
p //

X
X˜G/A(pG)
p
::✈
✈
✈
✈
✈
and is clearly a continuous bijection. If X is locally connected then Propo-
sition 4.1 implies that the map p is open. Then by the definition of quotient
topology p is also an open map and hence a homeomorphism. 
5. Universal lifting spaces
We are now going to apply methods developed in previous sections to
construct certain lifting spaces that in many aspect behave as the universal
covering spaces. We will use freely terminology and constructions that are
standard in shape theory and are described, for example, in [12]. Recall that
all spaces are based (even if the base-points are normally omitted from the
notation) and the maps are base-point preserving.
Throughout this section X will be a path-connected metric compactum.
We can choose an embedding X →֒ M into an absolute retract (for metric
spaces) M , and consider the inverse system X of open neighbourhoods of
X in M , ordered by the inclusion. Then X is an ANR expansion of X in
the sense of [12], and moreover X = lim
←−
X. Observe that each space in the
expansion is semi-locally simply-connected and therefore admit all covering
spaces, including the universal one. As in the previous section, we may
define X˜ to be the associated inverse system of universal coverings, and let
X˜ := lim
←−
X˜. We are going to prove that the definition of X˜ is independent
of the embedding X →֒M .
To this end we will first show that the above construction is functorial. Let
Y →֒ N be another metric compactum embedded into an absolute retract
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N , and let f : X → Y be any map. By the standard properties of the ANR
expansions, f induces a morphism of systems f : X → Y. Note that the
morphism f is in general not level-preserving, and commutes with bonding
maps only up to homotopy. Nevertheless, when composed with projections
from X, it commutes exactly, so we may write f = lim
←−
f . Every map
between base-spaces admits a unique lifting to a map between respective
universal coverings, so we have a morphism of systems f˜ : X˜→ Y˜ that is the
unique lifting of f . Here again, the morphism f˜ commutes with the bonding
maps only up to homotopy, but it commutes exactly when composed with
projections from X˜ , so we are justified to define f˜ := lim
←−
f˜ . Clearly, 1˜X = 1X˜
and g˜ ◦ f = g˜ ◦ f˜ .
Proposition 5.1. The definition of X˜ is independent of the choice of em-
bedding for X. The correspondence X 7→ X˜ and f 7→ f˜ determines a functor
from compact metric spaces to metric spaces. This functor is augmented in
the sense that the following diagram is commutative
X˜
f˜ //
pX

Y˜
pY

X
f // Y
Proof. Let i : X →֒ M and j : X →֒ N be embeddings of X into absolute
retracts M and N . Then we have corresponding ANR expansions XM and
XN . Let f : XM → XN and g : XN → XM morphisms of systems induced
by the identity map on X. By the above discussion f and g induce maps
f˜ , g˜ : X˜ → X˜ which are inverse one to the other, which implies that X˜ is
uniquely defined up to a natural homeomorphism. The functoriality and the
relation between f and f˜ follow directly from the definitions. 
It is a standard fact of shape theory (see for example [12, I, 5.1]) that
for metric compacta every inverse system of polyhedra whose limit is X is
an expansion and that for every such expansion we can choose a cofinal
sequence. Thus we obtain a more manageable description of X˜:
Corollary 5.2. If X is a metric compactum then X˜ = lim
←−
X˜i for any
inverse sequence of polyhedra, converging to X.
Clearly, if X is a compact polyhedron, then X˜ is just the universal cover-
ing space of X. For a less trivial example, if W denotes the Warsaw circle,
then it is easy to see that W˜ is the ’Warsaw line’, which we may describe as
the real line in which every segment [n, n+1) is replaced by the topologist’s
sine curve. As another illustration, if H is the Hawaiian earring, then H˜ is
the inverse limit of trees that are universal covering spaces for finite wedges
of circles.
In order to explain in what sense is X˜ universal with respect to the lifting
spaces that are inverse limits of coverings, let us consider an expansion
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X = (Xi, uij ,I) of a metric compactum X. Then any inverse system of
coverings over X uniquely corresponds to a choice of a coherent thread
G = (Gi,I), i.e. is of the form (X˜i/Gi, u¯ij ,I). By the lifting properties of
covering spaces, for every i ≤ j in I there are unique maps qi, qj for which
the following diagram commutes
X˜j
u˜ij //
qj
||③③
③③
③③
③③
q˜j
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛
X˜i
qi
}}③③
③③
③③
③③
q˜i
☞☞
☞☞
☞☞
☞☞
☞☞
☞☞
☞☞
☞☞
☞
X˜j/Gj u¯ij
//
pj

X˜i/Gi
pi

Xj uij
// Xi
Thus we obtain a commutative diagram of inverse systems and the corre-
sponding limits
X˜G
p

X˜
qoo
q˜~~⑤⑤
⑤⑤
⑤⑤
⑤⑤
X˜G
p

X˜
qoo
q˜~~⑤⑤
⑤⑤
⑤⑤
⑤⑤
X X
Theorem 5.3. Let q˜ : X˜ → X be the universal lifting space for X and let
p : X → X be a lifting space obtained as a limit of an inverse system of
coverings over some expansion of X. Then X = X˜G for some (essentially
unique) coherent thread G, and there is a unique (base-point preserving)
lifting space projection q : X˜ → X˜G for which p ◦ q = q˜.
Furthermore, let π1(Xi)
Stab and (π1(Xi)/Gi)
Stab be the stable images of
the systems of groups and cosets induced by the inverse systems for X and
X. Then q(X˜) is dense in X˜G if and only if the induced map
π1(Xi)
Stab −→ (π1(Xi)/Gi)
Stab
is surjective for every i ∈ I.
Proof. The first assertion follows from the above discussion, so it remains to
prove the characterization of density. Assume that the map between stable
images is surjective and consider an element x¯ = (x˜iGi) ∈ X (with x˜i ∈ X˜i
as representatives of the orbits). By choosing a path α in X connecting the
base-point to p(x¯) we obtain a coherent sequence of paths (αi : I → Xi),
where αi connects the base point of Xi to ui(p(x¯)). The unique path-lifting
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along αi yields a commutative diagram
π1(Xi)
  //

X˜i
qi

π1(Xi)/Gi
  //

X˜i/Gi
pi

∗ 

// Xi
where the horizontal maps are π1(Xi)-equivariant bijections onto the fibres
over ui(p(x¯)) of the lifting spaces pi and q˜i. By construction, these diagrams
commute with the bonding maps of the respective inverse systems so they
form a commutative diagram of inverse systems
(π1(Xi), (u˜ij)♯,I) //

(X˜i, u˜ij ,I)
qi

(π1(Xi)/Gi, (u¯ij)♯,I) //

(X˜i/Gi, u¯ij ,I)
pi

∗ // (Xi, uij ,I)
As a consequence, we obtain bijections π1(Xi)
Stab → X˜Stabi ∩ q˜
−1
i (ui(p(x¯)))
and (π1(Xi)/Gi)
Stab → (X˜i/Gi)
Stab ∩ p˜−1i (ui(p(x¯))).
A local basis of neighbourhoods at (x˜iGi) is given by the sets of the form
UF :=
∏
i∈F{xiGi} ×
∏
i/∈F X˜i/Gi, where F is any finite subset of I. Let
j ∈ I be bigger than all elements of F . Since xjGj ∈ (X˜j/Gj)
Stab, it
corresponds to to some gjGj , where by our assumption gj ∈ π1(Xj)
Stab. It
follows that there is an x˜ ∈ X˜ such that u˜j(x˜)Gj = x˜jGj , and consequently
u˜i(x˜)Gi = x˜iGi for all i ∈ F . We have thus proved that q(X˜) intersects
every open set in X˜G, hence the image of q is dense in X˜G.
Conversely, if for some i ∈ I the map π1(Xi)
Stab −→ (π1(Xi)/Gi)
Stab
is not surjective, then we may use the previously described correspondence
between π1(Xi) and π1(Xi)/Gi with the fibres of qi and pi to find an element
x¯ ∈ X˜G, such that q(X˜) does not intersect its open neighbourhood {u¯i(x¯)}×∏
j 6=i X˜j/Gj . 
In various practical situations it may be hard to verify whether the image
of X˜ is dense in X directly from the theorem. The following corollary
provides several sufficient conditions.
Corollary 5.4. Any of the following conditions imply that q(X˜) is dense in
X˜G.
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(1) The inverse system (π1(Xi), (uij)♯,I) has the Mittag-Leffler property
(this holds in particular, if all bonding homomorphisms in the system
are surjective) and G is arbitrary.
(2) Gi is a subgroup of π1(Xi)
Stab for every i ∈ I.
(3) Gi · π1(Xi)
Stab = π1(Xi) for every i ∈ I.
(4) There exists a cofinal subsequence C ⊆ I, and all groups in the thread
G are finite.
Proof. (1) Recall that (π1(Xi), (uij)♯,I) satisfy the Mittag-Leffler con-
dition if the stable images are achieved at some finite stage, i.e. for
every i ∈ I there is a j ≥ i such that π1(Xi)
Stab = (uik)♯(π1(Xk))
for every k ≥ j. Given an element giGi ∈ π1(Xi)
Stab there exists
gj ∈ π1(Xj) such that giGi = (uij)♯(gjGj) = (uij)♯(gj)Gi, so giGi is
the image of (uij)♯(gj), which is by the Mittag-Leffler condition an
element of π1(Xi)
Stab.
(2) Assume that giGi ∈ (π1(Xi)/Gi)
Stab, so that for every j ≥ i there ex-
ists some gj ∈ π1(Xj) satisfying giGi = (uij)♯(gjGj) = (uij)♯(gj)Gi.
It follows that (uij)♯(gj) = gig for some g ∈ Gi. Since Gi ⊆
π1(Xi)
Stab there exists some h ∈ π1(Xj) such that (uij)♯(h) = g,
and so gi = (uij)♯(gjh
−1), which shows that gi is in the image of
(uij)♯ for every j ≥ i, therefore it is in the stable image.
(3) The condition implies that every element of π1(Xi)/Gi, and hence
every element of (π1(Xi)/Gi)
Stab, is in the image of π1(Xi)
Stab.
(4) If giGi ∈ (π1(Xi)/Gi)
Stab, then for every j ∈ C, j ≥ i there exists
gj ∈ π1(Xj) such that (uij)♯(gjGj) = giGi. This means that (uij)(gj)
is one of the finitely many elements of the coset xiGi and so at least
one of them must appear infinitely many times as value of (uij)♯
for j ∈ C, j ≥ i. By the cofinality of C this element must be in
π1(Xi)
Stab.

Example 5.5. If X is a polyhedron, then we may always take the trivial
expansion so the bonding maps on the associated system of fundamental
groups are identity homomorphisms. If p : X → X is a limit of an inverse
system coverings over X then by Theorem 5.3 there exists a unique lifting
projection q : X˜ → X such that p ◦ q = q˜ : X˜ → X, the standard universal
covering space projection. Moreover, by Corollary 5.4 the image q(X˜) is
dense in X.
Observe that in principle the density of q(X˜) in X depends on the prop-
erties of the expansion used in the construction of X. However, we have
the following result that allows to avoid this objection. Our argument is
based on the fact that the limit of the inverse system of fundamental groups
associated to an expansion of X actually depends only on the space itself:
the shape fundamental group is defined as πˇ1(X) := lim←−
(π1(Xi), (uij)♯,I),
where (Xi, uij ,I) is any expansion of X (cf. [12, II, 3.3]).
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Lemma 5.6. Let (Xi, uij ,I) and (X
′
i, u
′
ij ,I
′) be two polyhedral expansions
for X, and assume that the bonding homomorphisms in the associated system
of fundamental groups (π1(Xi), (uij)♯,I) are surjective. Then the system
(π1(X
′
i), (u
′
ij)♯,I
′) satisfies the Mittag-Leffler condition.
Proof. By the properties of expansions, for a given i′ ∈ I ′ we may find an
i ∈ I and a map v : Xi → Xi′ such that v ◦ ui = u
′
i′ . Similarly, we may find
some j′ ∈ I ′ and a map w : Xj′ → Xi satisfying w ◦ u
′
j′ = ui.
X
ui // Xi
v
  ❇
❇❇
❇❇
❇❇
❇
X
u′
j′
// Xj′
u′
i′j′
//
w
==⑤⑤⑤⑤⑤⑤⑤⑤
Xi′
Then, by applying fundamental groups we obtain the following diagram
πˇ1(X) = lim←−
π1(Xi)
(ui)♯ // // π1(Xi)
v♯
$$■
■■
■■
■■
■■
■
πˇ1(X) = lim←−
π1(X
′
i) (u′
j′
)♯
// π1(Xj′)
(u′
i′j′
)♯
//
w♯
::✉✉✉✉✉✉✉✉✉✉
π1(Xi′)
Since (ui)♯ is surjective, so must be w♯, thus we have
π1(X
′
i′)
Stab = (ui′)♯(πˇ1(X)) = v♯(π1(Xi)) = (u
′
i′j′)♯(π1(Xj′))
which proves that the stable image coincides with the image of the bonding
map (u′i′j′)♯, as required by the Mittag-Leffler condition. 
Example 5.7. We have already mentioned that the universal lifting space
of the Warsaw circle W is the Warsaw line W˜ . Since we may obtain W
as a limit of shrinking annuli, where the induced homomorphisms on the
fundamental group are identities, the above results imply that W˜ is mapped
densely into every inverse limit of coverings over any expansion of W . This
applies in particular to all Warsawonoids that we described in Example 4.4.
In general one cannot expect to find an expansion of X for which the
bonding homomorphisms in the induced system of fundamental groups are
surjective. Nevertheless, this important property can be always achieved for
expansions of locally path-connected spaces.
Lemma 5.8. Every locally path-connected space X admits an expansion
(Xi, uij ,I) such that the induced homomorphisms (ui)♯ : π1(X) → π1(Xi)
are surjective for all i ∈ I.
Proof. We are going to exploit the technique used in the proof of Lemma 3.3.
In fact, let U be a finite, non-redundant open cover of X and let f : X → |U|
the map induced by some choice of a partition of unity subordinated to
U . Then by Lemma 3.3 the induced homomorphism f♯ : π1(X) → π1(|U|
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is surjective. Therefore, if we take the standard Cˇech expansion of X by
polyhedra Xi that are nerves of covers of X by metric balls of radius 1/i
for i = 1, 2, 3, . . ., then the resulting inverse sequence satisfy the desired
surjectivity property. 
As a consequence we obtain strong surjectivity properties of inverse sys-
tems of fundamental groups associated to expansions of locally path-connected
spaces.
Corollary 5.9. Let (Xi, uij ,I) be any expansion of a connected and lo-
cally path-connected compact metric space X. Then the induced morphism
(π1(X) → π1(Xi), i ∈ I) is stably surjective and the associated inverse sys-
tem (π1(Xi), (uij)♯,I) satisfies the Mittag-Leffler condition.
Proof. By Lemma 5.8 and the properties of an expansion we may find for
each i ∈ I a polyhedron P and maps v : X → P and vi : P → Xi so that
vi◦v = ui and v♯ : π1(X)→ π1(P ) is a surjection. On the other side, we may
also find a j ≥ i and a map vj : Xj → P so that vj ◦ uj = v and v ◦ vj ≃ uij.
Thus we obtain the following diagram
X
uj //
v
  ❆
❆❆
❆❆
❆❆
❆ Xj
uij //
vj

Xi
P
vi
>>⑤⑤⑤⑤⑤⑤⑤⑤
which induces a commutative diagram of fundamental groups
π1(X)
(uj)♯ //
v♯ $$ $$■
■■
■■
■■
■■
π1(Xj)
(uij)♯ //
(vj )♯

π1(Xi)
π1(P )
(vi)♯
::ttttttttt
Since (uij)♯ factors through (vi)♯, it follows that (vi)♯(π1(P ) contains the
stable image π1(Xi)
Stab. But then the surjectivity of v♯ implies that the
homomorphism (ui)♯ : π1(X)→ π1(Xi)
Stab is also surjective.
The second claim follows immediately by Lemma 5.6. 
Connected and locally path-connected compact metric spaced form a large
class of spaces that include all finite polyhedra, compact manifolds and many
other important spaces. They are in fact more commonly known as Peano
continua. This name is a distant echo of the Peano space-filling curves,
consolidated by the famous Hahn-Mazurkiewicz Theorem that characterizes
Peano continua as Hausdorff spaces that can be obtained as a continuous
image of an arc. The following theorem summarizes the main properties of
lifting spaces over Peano continua.
Theorem 5.10. Let X be a Peano continuum, q˜ : X˜ → X its universal
lifting space and p : X → X any lifting space that can be obtained as a limit
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of an inverse system of coverings pi : Xi → Xi over some expansion of X.
Then:
(1) There exists a unique lifting projection q : X˜ → X such that p◦q = q˜.
Moreover, the image q(X˜) is dense in X.
(2) The group of deck transformations A(p) acts freely on X.
(3) If X is an inverse limit of normal coverings then A(p) acts freely and
transitively on the fibres of p, and there is an isomorphism A(p) ∼=
lim
←−
A(pi). In particular, A(q˜) is naturally isomorphic with the shape
fundamental group πˇ1(X).
(4) If X is an inverse limit of normal coverings then p induces a home-
omorphism p¯ : X/A(p)→ X.
(5) There is an exact sequence of groups and sets
1 // π1(X˜)
(q˜)♯ // π1(X)
∂ // πˇ1(X) // π0(X˜) // ∗
In particular, π1(X˜) may be identified with the kernel of the natural
homomorphism ∂ : π1(X) → πˇ1(X), also known as shape kernel of
X. Similarly, π0(X˜) may be identified with the shape cokernel of X,
namely the set of cosets πˇ1(X)/∂(π1(X)).
(6) Let G = (Gi) be the coherent thread of groups, determined by X.
Then the map q : X˜ → X induces a commutative ladder:
1 // π1(X˜)
q♯

q˜♯ // π1(X)
∂ // πˇ1(X) //

π0(X˜) //
q♯

∗
1 // π1(X) p♯
// π1(X)
∂
// lim
←−
π1(Xi)/Gi // π0(X) // ∗
Proof. The existence of the map q : X˜ → X was proved in Theorem 5.3.
As for the second claim, observe that by Lemma 5.8 X admits an expan-
sion such that the induced homomorphisms between fundamental groups are
surjective. By Corollary 5.9 the induced system satisfies the Mittag-Leffler
condition, and then by Corollary 5.4 it follows that q(X˜) is dense in X.
The statements 2., 3. and 4. also follow from Corollary 5.9, combined
with Theorem 4.9 and Corollary 4.11.
Finally, 5. and 6. follow from Theorem 4.5, in particular from the natu-
rality of the exact sequence of a fibration. 
Observe that the shape kernel and shape cokernel are not shape invariants:
in fact they are more like ’anti-invariants’ as they measure the variation of
the structure of the universal lifting space within shape-equivalent spaces.
We conclude the section with a lifting theorem for inverse limits of cov-
ering spaces. Given a map f : X → Y and lifting spaces p : X˜ → X and
q : Y˜ → Y we would like to know if there exists a map f˜ for which the
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following diagram commutes.
X˜
f˜ //❴❴❴
p

Y˜
q

X
f // Y
If X˜ is connected and locally path connected then the answer is given by
the classical lifting theorem [17, Theorem II.4.5]: f˜ exists if, and only if
f♯(p♯(π1(X˜)) ⊆ q♯(π1(Y˜ )). We are going to extend this result to more general
lifting spaces. Observe that a very special case was already considered as a
part of Proposition 5.1.
Let us first show that the property of being the limit of a sequence of
covering spaces over a polyhedral expansion for X is independent on the
choice of the expansion.
Proposition 5.11. Let X be the limit of an polyhedral expansion X =
(Xi, uij : Xj → Xi, i, j ∈ N) and let Let pG : X˜G → X be the lifting space
determined by a coherent thread G of subgroups of π1(Xi). Then for every
polyhedral expansion P = (Pi, vij : Pj → Pi, i, j ∈ N) for X there exists a
coherent thread H, such that X˜H = X˜G and pH = pG.
Proof. We will use properties of polyhedral expansions to obtain approxima-
tions of the identity map of X with respect to the expansions X and P (cf.
[12]). For every i there exists j and a map fi : Pj → Xi such that fivj = ui.
Furthermore, there exists a k and a map gj : Xk → Pj such that gjuk = vj.
Finally, since fi and gj are both approximations of the identity on X there
exists some index l such that uil ≃ figjukl.
X
ul // Xl
uil // Xi
Pj
fi
>>⑦⑦⑦⑦⑦⑦⑦⑦
X ul
// Xl ukl
// Xk
gk
>>⑥⑥⑥⑥⑥⑥⑥⑥
Let Hj := (fi♯)
−1(Gi) ≤ π1(Pj). Then (gkukl)♯(Gl) ⊆ Hj and we obtain a
sequence of covering projections
X˜l/Gl //
pl

P˜j/Hj
qj

// X˜i/Gi
pi

Xl gkukl
// Pj
fi
// Xi
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which shows that we may refine the system of coverings over Xi by coverings
over Pi. It follows that X˜G can be represented as an inverse limit of coverings
over the system P with respect to some coherent thread of groups H. 
Theorem 5.12. Let X be a polyhedral expansion for X and pG : X˜G → X
the lifting space determined by a coherent thread G. Similarly, let Y be a
polyhedral expansion for Y and qH : Y˜H → Y the lifting space determined by
a coherent thread H.
Then a map f : X → Y can be lifted to a map f˜ : X˜G → Y˜H if, and only
if for a morphism f : X → Y induced by f we have that for every index i
there exists some index j such that (fiuij)♯(Gj) ≤ Hi.
The condition for the existence of a lifting is independent from the choices
of expansions for X and Y .
Proof. The assumption that for every i there is some j, such that (fivij)♯(Hj) ≤
Gi implies that there exist maps f˜i so that the following diagram commutes
X˜j/Gj
f˜i //
pj

Y˜i/Hi
qi

Xj
fiuij
// Yi
After suitable reindexing we see that maps f˜i determine a morphism of
systems f˜ : X˜/G→ Y˜/H, and hence define the lifting f˜ : X˜G → Y˜H for f .
That the existence of the lifting is independent from the choice of the
expansions for X and Y follows from Proposition 5.11. We prefer to omit
technical details. The converse implication is obvious. 
6. When is the hat space a lifting space?
In the preceding sections we have mostly assumed that the spaces under
consideration are locally path-connected. For more general spaces we may
first construct the hat space mentioned in Example 2.5. Since the unique
path-lifting property of the map ι : X̂ → X is obvious, ι is a lifting space if
and only if it is a fibration. When this happens, every lifting space over X̂
is automatically a lifting space over X. Moreover, every lifting projection
p : Y → X with Y locally path-connected, factors through X̂ as a composi-
tion of two lifting projections.
In this section we discuss in detail the fibration properties of the hat
construction. In particular we prove that the hat construction over a metric
space yields a fibration for the class of all metric (in fact 1-countable) spaces
if and only if the hat space is locally compact.
GENERAL THEORY OF LIFTING SPACES 31
Recall that the hat space X̂ is obtained from a space X generated by
taking the path components of open sets in the topology of X as a sub-basis.
The identity map ι : X̂ → X is continuous and bijective. If f : Y → X is
a continuous map and C a path-component of an open set U ⊆ X, then
f−1(C) is a union of components of the open set f−1(U). Therefore, if Y
is locally path-connected, then f : Y → X̂ is also continuous. In particular
the paths in X correspond precisely to paths in X̂ and the same holds for
path-components of subsets as well. This implies that X̂ is locally path-
connected, so (̂X̂) = X̂ . In addition, if f : Y → X is continuous, then
fˆ : Ŷ → X̂ (where fˆ = f as a function between sets) is also continuous, and
the following diagram commutes
Ŷ
f̂ //
ι

X̂
ι

Y
f
// X
We may summarize these facts in categorical terms by saying that the hat
construction is an idempotent augmented functor.
What can be said about the fibration properties of the hat construction?
Since maps and homotopies from cubes have unique liftings, the projection
ι : X̂ → X is a Serre fibration with the unique path-lifting property. In
particular, this shows that X and X̂ have isomorphic homotopy groups.
However, the following example show that it is not in general a Hurewicz
fibration.
Example 6.1. Let us denote by S := {1/n | n ∈ N} ∪ {0} ⊆ R the ’model’
convergent sequence, and let CS be the cone over S, which we view as a
subspace of the plane, e.g. CS := {(t, tu) ∈ R2 | t ∈ [0, 1], u ∈ S}. It is easy
to see that ĈS can be identified with a countable one-point union of intervals.
Consider the homotopy H : CS × I → CS, given by H
(
(x, y), t
)
:= (tx, ty).
Then the constant map H0 lifts to ĈS but the entire homotopy H cannot be
lifted, because its final stage would give a continuous inverse to ι : ĈS→ CS,
which would imply that CS is locally path-connected, a contradiction.
Is there some natural condition that would imply that ι : X̂ → X is
a fibration for a sufficiently large class of spaces, like the metric spaces?
Toward an answer to this question we prove that in order to check the
fibration property for metric spaces it is sufficient to check that ι has the
covering homotopy property for maps from the model sequence S.
Lemma 6.2. The canonical map ι : X̂ → X is a fibration for the class of
first countable spaces if and only if it has the homotopy lifting property for
maps from S to X.
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Proof. One direction is immediate. For the other implication assume that
Y is a 1-countable space and that we are given a homotopy H : Y × I → X
such that the lifting Ĥ0 : Y × 0 → X̂ is continuous. In order to prove that
Ĥ : Y ×I → X̂ is continuous we take a sequence {(yi, ti)} in Y ×I converging
to (y, t). The sequence {yi} converges to y and hence determines a map
g : S→ Y . The initial stage of the homotopy F := H ◦ (g × 1): S× I → X
lifts to the continuous map F̂0 = Ĥ ◦ g : Y × 0 → X̂, so by the assumption
F̂ : S × I → X̂ is continuous as well. In particular the sequence F̂ (yi, ti)
converges to F̂ (y, t). 
Recall that a space is sequentially compact if every sequence in it has
a convergent subsequence. In general the compactness and the sequential
compactness are not directly related as none of them implies the other.
However, they coincide for the class of metric spaces and for 1-countable
spaces (or more generally, for sequential spaces) the compactness implies
sequential compactness. Moreover, a space is locally sequentially compact if
every point has a neigborhood whose closure is sequentially compact.
Theorem 6.3. If X is a Hausdorff space and if X̂ is locally sequentially
compact, then the canonical map ι : X̂ → X has the homotopy lifting prop-
erty for maps from S.
Proof. Let F : S× I → X be a map, such that the restriction of the unique
lift F̂ : S × I → X̂ is continuous when restricted to S × 0. We are going to
show that F̂ is also continuous.
First observe that the local path-connectedness of (S− 0)× I imply that
F̂ is continuous on (S− 0)× I, so it only remains to prove the continuity of
F̂ on 0× I. Since F̂ is continuous on S× 0 we may define
t := sup{s ∈ I | F̂ |S×[0,s] is continuous}.
By the local sequential compactness of X̂ and the definition of the hat-
topology we may choose a neighborhood U ⊂ X̂ of F̂ (0, t) that is a path-
component of an open set V ⊂ X, and whose closure is sequentially compact.
By the continuity of F there exist ε, δ > 0 such that the box neighborhood
B := (S ∩ [0, δ)) × (t − ε, t + ε) is contained in F−1(V ). Moreover, since
the restriction F̂ |0×I is continuous, we may assume (by decreasing ε, if
necessary) that F̂ (0 × (t − ε, t]) ⊂ U . Furthermore, by the definition of t,
there is an s ∈ (t − ε, t], such that F̂ |S×s is continuous, so we may assume
(by adjusting δ if necessary) that F̂
(
(S ∩ [0, δ)) × s
)
⊂ U . Since U is path-
connected, it follows that F̂ (B) ⊂ U . We claim that F̂ is continuous on
0× (t− ε, t+ ε).
Take an x ∈ (t − ε, t + ε) and let {xi} be a sequence in B converging to
(0, x). To show that {F̂ (xi)} converges to F̂ (0, x) we must show that every
open neighborhood W of F̂ (0, x) contains all but finitely many elements of
the sequence. Indeed, otherwise the elements of {F̂ (xi)} outside W would
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have an accumulation point u in the compact set U −W . This would imply
that F (0, x) and ι(u) are distinct accumulation points of the convergent
sequence {F (xi)}, a contradiction.
Our argument shows that the assumption t < 1 would lead to a con-
tradiction, so we conclude that t = 1, and therefore F˜ : S × I → X̂ is
continuous. 
Example 6.4. The obvious map from [0, 1) to the Warsaw circle is a fi-
bration for the class of 1-countable spaces, while the projection from the
countable one-point union of intervals to CS is not.
If X is first countable and Hausdorff then so is X̂: the Hausdorff property
is obvious, for the other simply observe that if we take a countable local
basis around the point x in X, then the path-components of the basic sets
containing the point x constitute a countable local basis for x in X̂. If in
addition X̂ is locally compact (and therefore locally sequentially compact),
then we have just proved that ι : X̂ → X is a fibration for the class of
all first countable spaces. But a map between first countable spaces that
has the covering homotopy property for maps between from first countable
has automatically the covering homotopy property for maps from arbitrary
spaces, so we have the following
Theorem 6.5. Let X be a first countable, Hausdorff space. If X̂ is locally
compact then ι : X̂ → X is a lifting space.
Proof. By 6.2 and 6.3 we already know that ι has the covering homotopy
property for 1-countable spaces. Since we assumed that X is 1-countable
that X̂ and XI are also 1-countable, and therefore the space (X̂ ⊓XI)× I is
1-countable, because it is a subspace of X̂ ×XI . It follows that there exists
the unique map H that makes commutative the following diagram
(X̂ ⊓XI)× 0
(xˆ,α,0)7→xˆ
//
 _

X̂
ι

(X̂ ⊓XI)× I
H
66♠♠♠♠♠♠♠♠
(xˆ,α,t)7→α(t)
// X
Its adjoint map H˜ : X̂⊓XI → X̂I is the continuous inverse for the continuous
bijection ι¯ : X̂I → X̂ ⊓XI , therefore ι is a lifting space. 
Remark 6.6. The above results can be easily extended to more general
spaces. Indeed, let ℵ be any cardinal number, and let ω = ω(ℵ) be the
corresponding initial ordinal. Then we may consider spaces for which every
point has local bases of cardinality at most ℵ and spaces that are ω-compact,
i.e. each ’sequence’ indexed by ω has an accumulation point. Then we can
repeat the above proofs word-by-word to show that if X has local basis of
cardinality at most ℵ and if X̂ is locally ω-compact then ιX̂ → X is a lifting
space.
34 GREGORY R. CONNER AND PETAR PAVESˇIC´
To prove the converse of Theorem 6.3 we need to assume that X is a
metric space. Let us first show that if (X, d) is a path-connected metric
space then X̂ is also metrizable. Indeed, a suitable metric on X̂ can be
defined by taking into account the path structure on X. Let the breadth of
a path α : I → X be defined as
br(α) := sup
{
d
(
α(0), α(t)
)
+ d
(
α(t), α(1)
)
| t ∈ [0, 1]
}
.
Then we get a metric ρ on X̂ by
ρ(x, x′) = inf
{
br(α) | α : (I, 0, 1)→ (X,x, x′)
}
.
Note that always d(x, x′) ≤ ρ(x, x′), and that for a path-connected set A ⊆
X we have diamρ(A) ≤ 2 · diamd(A).
We can easily verify that the topology of X̂ is induced by ρ. In fact, let
C be a component of an open set U ⊆ X. For every x ∈ C there is an ε-ball
Bd(x, ε) ⊆ U , and since d-distance does not exceed ρ-distance, we also have
that Bρ(x, ε) ⊆ U . It follows that all points of Bρ(x, ε) can be connected by
a path in U , therefore Bρ(x, ε) ⊆ C, and so C is open with respect to the
metric ρ. On the other hand, the ball Bρ(x, ǫ) is clearly open with respect
to the metric d, so the path-component of Bρ(x, ǫ) containing x is an open
set in X̂ contained in that ball.
Theorem 6.7. Suppose X is a locally compact, path-connected metric space.
If ι : X̂ → X has the homotopy lifting property for maps from S then X̂ is
locally compact.
Proof. Assume by contradiction that X̂ is not locally compact, so that there
is a point x ∈ X that does not possess any compact neighborhood in X̂.
Let ε1 > ε2 > ε3 > . . . be a strictly decreasing sequence converging to zero,
such that all Bd(x, εi) are relatively compact. For every i the corresponding
ball Bρ(x, εi) ⊂ X̂ is path-connected, contained in Bd(x, εi) and, by the
assumption, not relatively compact. Therefore, we can choose for each i a
sequence xi1, x
i
2, . . . of points in Bρ(x, εi) that converges in X to a point in
the closure of Bd(x, εi) but does not have any accumulation points in X̂. For
every j, we have ρ(xij , x
i+1
j ) < εi+εi+1, so we can find a path of breadth less
then εi + εi+1 connecting x
i
j and x
i+1
j . We can concatenate these paths to
obtain a path αj : I → X, running from x
1
j to x
2
j on [0, 1/2], from to x
2
j to x
3
j
on [1/2, 3/4], and so on. The paths αj (taken in reverse direction) together
with the constant path in x define a homotopy H : S× I → X, given by the
formula
H(u, t) =
{
x if u = 0
α 1
u
(1− t) otherwise.
Since H0 is a constant map it can be lifted to X̂, but we cannot lift the
entire homotopy H, because then Ĥ1 would send the convergent sequence S
to the sequence x11, x
1
2, x
1
3, . . . that does not converge in X̂. 
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We may now combine Theorem 6.7 with Theorems 6.3 and 6.5 to obtain
the following result.
Theorem 6.8. Let X be a path-connected, locally compact metric space.
Then ι : X̂ → X is a lifting space if and only if X̂ is locally compact.
We do not know, whether the last result can be extended to all first-
countable spaces.
Let p : L → X be a lifting space whose total space L is locally path-
connected. Then one can easily check that the induced map pˆ : L → X̂ is
also a lifting space.
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